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ME-221
SOLUTIONS FOR PROBLEM SET 6

Problem 1

a ) The signal f;(t) can be written as the sum of the two signals fi, and fi,:

0 t<0
hu(t) = { Asin(wt) t>0

(o0 t<m/w
fia(t) = { —Asin(wt) = Asin(wt — ) t>m/w

These two signals correspond to a translation of 7 = 7/w as shown in Figure 1:

f12 = f11(t_7—)

f(t) = —Asinwt = Asin(w(t — )

f(t) = Asinwt

!
0 I ™ 3n 2n
2w w 2w )
t

Figure 1: Signals with translation

Using the linearity and time-shift property of the Laplace transform, we can calculate

Fi(s):

Fi(s) = LIA®)] = LA () + f1, ()]
L[fh(t) + f]-l(t - 7_)]
L[fi, ()] + exp(—sT)L[f1,(t)]
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Finally:

Fi(s) = o l1 + capl—s7)]

b) Using the definition of the Laplace transform:

/ fo(t)e™stdt = /(1+e°‘t)65tdt— / ele=s)tqy
T
1
1

o —ST)+ (26(04 s)T _1)

a—S

for Re(s) > («)

¢) Remember that the Laplace transform of a signal f(¢) multiplied by ¢ is given by

dF(s)
Lt f(o) = -5
Using this relation:
) d w 2ws
FB(S) = L[tsm(wt)] = _£<82 +w2) = (32 +w2>2

Problem 2

a) From Newton’s movement law:
mil =F - ]CIl — k([El — JZQ)
mii'g = k(l’l — .1’2) — fﬁlﬂ'z
Applying now the Laplace transform we obtain:

ms*X1(s) = F(s) — kX1(s) — kX1(s) + kXa(s)
ms?Xy(s) = kX1(s) — kXy(s) — fsXs(s)

To find the transfer function G(s) we combine both equations:
(ms* + fs+ k) X(s)
(ms® + 2k) X1 (s) — kXa(s) = F(s)

XQ(S) . k
F(s)  m2s* +mfsd+ 3mks? + 2k fs + k2

Il

o
=
—

V)
S—

— G(s) =
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b) We can use the following correspondence between paramaters of electrical and me-
chanical systems:

m << L
1
- C
k
f+< R
The analogous electrical circuit is:
L L

ul<> C=

[l
=
1
L1

c¢) The order of the system is 4, thus we have to define 4 state variables.

Problem 3

a) Because we already have the transforms of sinwt and coswt, we can use the following
trigonometric identity to obtain our answer:

sin(wt + ¢) = sin(wt)cos(p) + cos(wt)sin(¢p)

Laplace transform is a linear operation. Therefore:

L[Asin(wt+ ¢)] = A / sin(wt)cos(p)e *'dt + A/sz’n(qﬁ)cos(wt)e“dt

= Acosgbﬁ(sz’nwt) + AsingL(coswt)

= ACOS(b 5 + Asin——— o

Combining these terms gives the answer:

5 8inQ + w cosP
52 4+ w?

= L[Asin(wt + ¢)] =

b) Comparing this with F(s) we see that w = 2v/3 and A(s sing + w cos¢) = s + 6.
Therefore, Asing = 1 and Aw cos¢ = 2v/3Acos¢p = 6, or:
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1 = Asing
6 = 2v/3Acosd

Because A > 0, these equations reveal that sin¢g > 0 and cos¢ > 0. Therefore, ¢ is in the
first quadrant (0 < ¢ < 7/2 rad) and can be computed as follows:

. 1/A 1
_1 SZTLCb _ tan—l/— — tan_l— = 0.5236 rad
coS® 6/2\/§A V3

To find A, we use the fact that sin¢ + cos?¢ = 1 for any angle ¢:

¢ = tan

sin’¢ + cos’¢ = (%)2 + (=) =1

It follows that A = 2 and f(t) = 2sin(2v/3t + 0.5236)

¢) Following the same procedure and using the fact that:

—at - . W
Ll sinat] = e T
We see that:

L[Ae~"sin(wt + ¢)] = AcospLle”*sinwt] + AsindL[e” " coswt]
w s+a

Asing—————
w2+ Smgb(s—ira)Q—l—oﬂ

= Acosgbm

Combining these terms gives the answer:

s sing + a sing + w cose

L[Ae™"sin(wt + ¢)] = A (s + )+ w?

Problem 4

a) Applying the Laplace transformation we obtain:

=sY(s)—2
s*Y(s) —2s—1
24(0) — s(0) — §j(0) = s’V (s) — 25> — s — 0.5

Therefore:

252+ 17s +42.5
s34+ 852+ 17s + 10

Y(s) =

b) Applying the initial value theorem, we obtain:
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. , . 283+ 17s* + 4255
P = I oY) = i S s e v 10

If z(t) = y(t), then:

Llz(t)] = 2(s) = sY(s) — y(0)
lim z(t) = Sli_)rglo sZ(s) = Sli_)rgo s[sY(S) — y(0)]

t—0
-2
I s s rits s 10 2
. [ s2+8.5s5 — 20 =1
= lim s =
s—oo 83 4+ 8s2 4+ 175 + 10

, 253 + 17s% + 42.55
lim

Problem 5

ay = ]_, g = 2, bo = O, bl = ]_, and bg =1
Ltg = —2.1’1 — T
i‘l =22+ U

Yy=1mo
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